In this article, we consider the estimation of exponential sums along the points of the reduction mod p m of a p-adic analytic submanifold of Z n p . More precisely, we extend Igusa's stationary phase method to this type of exponential sums. We also study the number of solutions of a polynomial congruence along the points of the reduction mod p m of a p-adic analytic submanifold of Z n p . In addition, we attach a Poincaré series to these numbers, and establish its rationality. In this way, we obtain geometric bounds for the number of solutions of the corresponding polynomial congruences.
Introduction
Let K be a p-adic …eld, i.e. [K : Q p ] < 1. Let R K be the valuation ring of K, P K the maximal ideal of R K , and K = R K =P K the residue …eld of K. The cardinality of the residue …eld of K is denoted by q, thus K = F q . For z 2 K, ord(z) 2 Z [ f+1g denotes the valuation, jzj K = q ord(z) the p-adic norm, and ac z = z ord(z) the angular component of z, where is a …xed uniformizing parameter of R K .
Let f i 2 K[[x 1 ; : : : ; x n ]] be a formal power series for i = 1; : : : ; l, with l 2, and put x = (x 1 ; : : : ; x n ). Let U be an open and compact subset of K n . Assume that each series f i converges on U . We set V (l 1) := V (l 1) (K) := fx 2 U j f 1 (x) = = f l 1 (x) = 0g
and assume that V (l 1) is a non-empty closed submanifold of U , with dimension m := n l + 1 1, which implies that n l. We assume that f l is not identically zero on V (l 1) and that f l has a zero on V (l 1) .We consider on V (l 1) an analytic di¤erential form of degree m, and denote the measure induced on V (l 1) as j j.
Later on, we specialize to a Gel'fand-Leray form GL on V (l 1) . Let : K n ! C be a Bruhat-Schwartz function with support in U . Let ! be a quasicharacter of K . To these data we associate the following local zeta function:
Z (!; V (l 1) ; f l ) := Z (!; f 1 ; : : : ; f l ; )
for ! 2 0 (K ), see Section 2.1. The zeta function Z (!; V (l 1) ; f l ; ) is holomorphic on 0 (K ). In addition, it has a meromorphic continuation to the whole (K ) as a rational function of t = ! ( ) = q s . The real parts of the poles of the meromorphic continuation are negative rational numbers. These assertions follow 2000 Mathematics Subject Classi…cation. Primary 11L05, 11D79; Secondary 11S40, 14G20. The …rst author is a Postdoctoral Fellow of the Fund for Scienti…c Research -Flanders (Belgium). directly from Igusa's results from the case V (l 1) (K) = K n l+1 \ U , [16, Chap. 8] , alternatively, see [29, Proposition 2.2] . In section 3, by using a suitable version of Hironaka's resolution theorem (see Theorem 1), we give a list of candidate poles of the local zeta function in terms of a certain embedded resolution (see Theorem 2) . The purpose of this paper is sharpening some results of [29] , mainly those connecting the poles of local zeta functions of type Z (!; V (l 1) ; f l ; ) with the estimation of exponential sums and with the number of solutions of polynomial congruences along p-adic submanifolds, see Theorems 3, 4, 5 . We also answer a question posed in [29] about Z (!; V (l 1) ; f l ; GL ) and the Dirac delta function (see Theorem 6) .
The zeta functions Z (!; V (l 1) ; f l ; GL ) were studied in [29] , non-Archimedean case, and in [13] , Archimedean case with l = 2, when f 1 ; : : : ; f l are non-degenerate with respect to their Newton polyhedra, see also [11] . But if V (l 1) is replaced by K n , the corresponding zeta functions have been extensively studied by Weil, Tate, Igusa, Denef, Loeser, among others, see e.g. [7] , [8] , [15] , [16] .
In [29, Theorem 4.8 ], Igusa's method for estimating exponential sums was extended to exponential sums of type:
where jzj K = q m with m 2 N, ( ) is an additive character of K, and V (l 1) is a p-adic submanifold of R n K with 'good reduction mod P K ' and 'f 1 ; : : : ; f l are nondegenerate with respect to their Newton polyhedra.' Our main result, and also the main motivation for this paper, is an extension of Igusa's stationary phase method to exponential sums of type E(z) without the two above-mentioned conditions, see Theorem 4. At this point, it is worth to mention that the exponential sums along varieties over …nite …elds have been extensively studied [1] , [4] , [6] , [9] , [12] , [22] , [23] , among others. For exponential sums mod p m , we can mention the references [3] , [5] , [7] , [15] , [16] , [18] , [19] , [20] , [27] , [29] . The problem of extending Igusa's stationary phase method to exponential sums along 'varieties mod p m ' was posed by Moreno in [20] .
A more general problem is to estimate oscillatory integrals of type
for jzj K 0. The relevance of studying integrals of type E (z; V (l 1) ; f l ; ) was pointed out in [17] by Kazhdan. In this paper we extend Igusa's method to oscillatory integrals of type E (z; V (l 1) ; f l ; ), more precisely, we show the existence of an asymptotic expansion for E (z; V (l 1) ; f l ; ), jzj K 0, which is controlled by the poles of Z (!; V (l 1) ; f l ; ) (see Theorem 3).
We also consider the Poincaré series associated to the number of solutions of a polynomial congruences along a p-adic submanifold of R n K (see Section 6) . We show the rationality of a such Poincaré series and obtain a bound for the number of solutions of these polynomial congruences, see Theorem 5. These Poincaré series are a generalization of the classical ones, see e.g. [7] , [16] . But the rationality of these Poincaré series for an arbitrary K-analytic subset of R n K is an open problem, see Remark 3.
Preliminaries
2.1. Quasicharacters and local zeta functions. A quasicharacter of K is a continuous group homomorphism from K into C . The set of quasicharacters form an Abelian group denoted as (K ). We set ! s (z) := jzj s K for s 2 C and z 2 K , thus ! s 2 (K ). Let now ! 2 (K ). If we choose s 2 C satisfying ! ( ) = q s , then ! (z) = ! s (z) (ac z) in which := ! j R K is a character of R K , i.e. a continuous group homomorphism from R K into the unit circle of the complex plane. Hence (K ) is a one dimensional complex manifold since (K ) = C R K , where R K is the group of characters of R K . We note that (!) := Re(s) depends only on !, and j! (z)j = ! (!) (z). We de…ne for every
2 R an open subset of (K ) by
For further details we refer the reader to [16] . Let f i 2 K[[x 1 ; : : : ; x n ]], i = 1; : : : ; l, with l 2, U , V (l 1) , and be as in the introduction. We consider on V (l 1) an analytic di¤erential form of degree m, and denote the measure induced on V (l 1) as j j. We refer the reader to [24] and [21] for further details on p-adic manifolds and analytic subsets. Later on, we specialize to a Gel'fand-Leray form GL on V (l 1) , i.e. a form satisfying
fand-Leray form is not unique, but its restriction to V (l 1) is independent of the choice of GL (see [11, Chap. III, Sect. 1-9]). By passing to a su¢ ciently …ne covering of the support of , Z (!; V (l 1) ; f l ) can be expressed as a …nite sum of classical Igusa's zeta functions, in this way one veri…es that Z (!; V (l 1) ; f l ) is holomorphic on ! 2 0 (K ). Since any ! 2 (K ) can be expressed as ! (z) = (ac z) jzj s K , we use the notation Z (s; ) := Z (s; ; V (l 1) ; f l ) := Z (!; V (l 1) ; f l ).
2.2.
Resolution of singularities. The following version of Hironaka's resolution theorem will be used later on:
Theorem 1 (Hironaka, [14] ). There exists an embedded resolution : Y ! V (l 1) of f l : V (l 1) ! K and , that is, (1) Y is an m dimensional K analytic compact manifold, and is a proper K analytic map which is an isomorphism outside of S := f 1 l (0);
where the E i are closed submanifolds of Y of codimension one, each equipped with a pair of positive integers (N i ; v i ) satisfying the following: at every point b of Y there exist local coordinates (y 1 ; : : : ; y m ) on Y around b such that, if E 1 ; : : : ; E k are the E i containing b, we have on some neighborhood of b that E i is given by y i = 0 for i = 1; : : : ; k,
where " (y), (y) are units in the local ring of Y at b.
The above theorem is a variation of Theorem 2.2 in [10] , and its proof follows from Corollary 3 in [14] by using the reasoning given at the bottom of p. 97 in [10] .
We call the (N i ; v i ), i 2 T , the numerical data of ( ; ). From now on, we …x and say that (
We denote the set of critical points of the map f l :
and for 2 K , we set V (l; ) := fx 2 U j f 1 (x) = : :
Remark 1. Note that the following three statements are equivalent:
is a closed submanifold of dimension n l for every 2 K .
Poles of Local Zeta Functions Supported on p-adic Submanifolds
has a meromorphic continuation as a rational function of q s . Its poles are among the values
such that the order of divides N i ; 
is the real part of a pole of Z (s; triv ; V (l 1) ; f l ), for some with support in U , and consequently, is independent of the embedded resolution chosen.
Proof. (1) The proof uses the same argument of the case V (l 1) (K) = K n l+1 \ U , see [16, Theorem 8.2.1] . (2) The proof is a variation of the one given for Theorem 4.4 in [29] .
(3) The proof is analogous to the one given for Theorem 2.7 in [25] .
Remark 2. We set m := m (V (l 1) ; f l ; ) for the largest multiplicity of the poles of (1 q 1 s )Z (s; triv ; V (l 1) ; f l ; ) and Z (s; ; V (l 1) ; f l ; ) with 6 = triv having real part , when runs through all the Bruhat-Schwartz functions. Note that by the previous theorem and m are well-de…ned.
The oscillatory integrals E (z)
4.1. Additive characters. Given z = P 1 n=n0 z n p n 2 Q p , with z n 2 f0; : : : ; p 1g and z n0 6 = 0, we set
the fractional part of z. Then exp(2 p 1 fzg p ); z 2 Q p , is an additive character on Q p trivial on Z p but not on p 1 Z p .
We recall that there exists an 
is a standard character of K, i.e. { is trivial on R K but not on P 1 K . For our purposes, it is more convenient to use 
for z 2 K. The following theorem describes the asymptotic behavior of oscillatory integrals E (z).
is a …nite C-linear combination of functions of the form (ac z) jzj K log q jzj K with coe¢ cients independent of z, and with 2 C a pole of 1 q 1 s Z (s; triv ; V (l 1) ; f l ) or of Z (s; ; V (l 1) ; f l ), and 2 N, with (multiplicity of ) 1. In addition, all poles appear e¤ ectively in this linear combination.
(2) There exists a constant C such that for jzj K > 1,
Proof.
(1) Let Coe¤ t k Z (s; ) denote the coe¢ cient of t k in the power expansion of Z (s; ) in the variable t = q s . The following formula is a variation of Proposition 1.4.4 given by Denef in [7] , see also [28, Proposition 4.6] : for u 2 R and m 2 Z,
where c( ) is the conductor of , and g denotes the Gaussian sum
(v) (v= c( ) ):
By using the hypothesis C f l f 1 l (0), Z (s; ) is a rational function identically zero for almost all (cf. Theorem 2 ), hence the series in the right side of (4.1)
is a …nite sum. The asymptotic expansion for E (z) is obtained by expanding the right side of (4.1) in partial fractions.
(2) The estimation for jzj K big enough is obtained as follows: there exist , m (cf. Remark 2) such that for every pole in Theorem 3 (1),
for jzj K big enough, and some constant C. The estimation of jE (z)j, for jzj K > 1, follows from the previous estimation by adjusting the constant C, since jE (z)j is upper bounded.
The estimation given in the second part of Theorem 3 is optimal, in the sense that there exists a such that the constants , m cannot be improved.
5.
Exponential Sums Along p-adic Submanifolds of R n K 5.1. Some additional notation. From now on, we assume that all the f i (x) have coe¢ cients in R K , and put U = R n K , and set V (j) (R K ) := fx 2 R n K j f i (x) = 0; i = 1; : : : ; jg for j = l 1, l. Note that V (l 1) (R K ) is a closed submanifold of dimension n l + 1 1.
Let mod P m K denote the canonical homomorphism R n K ! (R K =P m K ) n , for m 2 Nr f0g. The image of x 2 R n K under this homomorphism is denoted by x. We will call the image of A R n K by mod P m K , the reduction mod P m K of A, and it will be denoted as A mod P m K . When we write x 2 A mod P m K , we always assume without mentioning that x 2 A. We will apply these de…nitions for A equal to V (l 1) (R K ).
For any polynomial g over R K we denote by g the polynomial over K obtained by reducing each coe¢ cient of g modulo P K .
We de…ne for m 2 Nr f0g the set
n j ord (f i (x)) m; i = 1; : : : ; l 1g :
We note that "ord (f i (x)) m"is independent of the representative chosen to compute ord (f i (x)). For m = 1, we write often V (l 1) (K) instead of V (l 1) (R K =P K ). Note that V (l 1) K = n x 2 K n j f i (x) = 0; i = 1; : : : ; l 1 o :
We will say that V (l 1) (R K ) has good reduction mod P K if rank K h @fi @xj (x) i = l 1, for every x 2 V (l 1) K . If V (l 1) (R K ) has good reduction mod P K , the Hensel lemma implies that
5.2.
Submanifolds with bad reduction mod P K . In general the reduction V (l 1) (R K ) mod P K has singular points. In order to deal with these points we use some ideas about Néron -desingularization, see e.g. [2, Section 4], or [28, Proposition 2.4 and Lemma 2.5]. Since we did not …nd a suitable reference for our purposes, we prove below the required results. Lemma 1. Suppose that V (l 1) (R K ) is a closed submanifold of dimension n l + 1. Let x 0 2 V (l 1) (R K ). Then, there exist a positive integer L and polynomials f 1;x0 ; : : : ; f l 1;x0 2 R K [x 1 ; : : : ; x n ] such that x0;L (R K ) := fy 2 R n K j f i;x0;L (y) = 0; i = 1; : : : ; l 1g has good reduction mod P K .
Proof. By applying a translation, we can assume that x 0 is the origin. We set f i (x) = a i;1 x 1 + : : : + a i;n x n + higher degree terms, for i = 1; : : : ; l 1. The matrix (a i;j ) has rank l 1 over K because V (l 1) (R K ) is a closed submanifold of dimension n l + 1. The announced polynomials f i;x0 are linear combinations with coe¢ cients in R K of the f i . These linear combinations are determined by the elementary row operations over R K required to reduced the matrix (a i;j ) to its row echelon form. Since R K is not a …eld some details are required. We select an entry a i0;j0 of (a i;j ) satisfying ord (a i0;j0 ) = min i;j ord (a i;j ). Then by row and column interchanging one gets a new matrix having a i0;j0 in the position (1; 1). Thus we can assume that i 0 = j 0 = 1. In addition, by row interchanging we can assume that ord (a 2;1 ) ord (a 3;1 ) : : : ord (a l 1;1 ) :
We now can perform elementary row operations on R K to obtain a matrix a 0 i;j satisfying a 0 1;1 = a 1;1 , a 0 2;1 = : : : = a 0 l 1;1 = 0. We now apply the previous procedure to a 0 i;j , 2 i l 1, 1 j n. By using this procedure, we construct a matrix (b i;j ) which is the row echelon form with rank K (b i;j ) = rank K (a i;j ) = l 1 and de…ne f i;x0 (x) = b i;i x i + : : : + b i;n x n + higher degree terms, for i = 1; : : : ; l 1. Note that ord (b 1;1 ) ord (b 2;2 ) : : : ord (b l 1;l 1 ) with b i;i 6 = 0, 1 i l 1, because rank K (b i;j ) = rank K (a i;j ) = l 1. In addition, ord(b i;i ) ord (b i;j ) , for i < j n:
We set L := ord (b l 1;l 1 ) + 1 < 1; and f i;x0 ( L y) := e i;x 0 ;L f i;x0;L (y) ; where e i;x0;L = L + ord (b i;i ), f i;x0;L (y) = c i;i x i + c i;i+1 x i : : : + c i;n x n + (higher degree terms), c i;i = ac (b i;i ) 2 R K , for i = 1; : : : ; l 1. Note that rank K (b i;j ) = rank K (c i;j ) = l 1, and that rank K (c i;j ) = l 1.
Finally, since rank K @f i;x0;L @y j (x) = rank K (c i;j ) = l 1;
for every x 2 V (l 1) x0;L K , we conclude that V (l 1)
x0;L (R K ) has good reduction mod P K .
In the above proof, we can take for each
Thus by the compactness of V (l 1) (R K ) there are only …nitely many L involved, and consequently, by taking the maximum of these numbers, we can take L independently of x 0 . In this way we get the following result. x0;L (R K ) = fy 2 R n K j f i;x0;L (y) = 0; i = 1; : : : ; l 1g has good reduction mod P K .
5.3.
Bounding jE(z)j. In this section, we use = (V (l 1) ; f l ; GL ) and m = m (V (l 1) ; f l ; GL ) which were de…ned before, see Remark 2.
We set for z = u m 2 K, with u 2 R and m 2 N n f0g, as in the introduction, the exponential sum
Theorem 4. Assume that C f l f 1 l (0). Then there exists a constant C such that jE(z)j C jzj K log q jzj K m 1 ;
for jzj K > 1.
Proof. Consider …rst the case in which V (l 1) (R K ) has good reduction mod P K . By applying Lemma 5.5 in [29] ,
now, the announced estimation follows from Theorem 3. We now consider the general case. We use Proposition 1 to reduce the estimation of jE(z)j to the estimation of several exponential sums along several submanifolds with good reduction mod P K , as follows. There exists a positive integer L such that for every x 2 V (l 1) (R K ), there exist equations f 1;x ; : : : ; f l 1;x of V (l 1) (R K ) such that if we write f i;x (x + L y) = e i;x;L f i;x;L (y) for i = 1; : : : ; l 1 , with f i;x;L (y) 2 R K [y 1 ; : : : ; y n ] n P K [y 1 ; : : : ; y n ], the manifold V (l 1)
x;L (R K ) = fy 2 R n K j f i;x;L (y) = 0; i = 1; : : : ; l 1g
has good reduction mod P K . Take such an integer L. For x 2 V (l 1) (R K ), we write f l (x+ L y) = f l (x)+ e l;
x;L f l;x;L (y), with f l;x;L (y) 2 R K [y 1 ; : : : ; y n ]nP K [y 1 ; : : : ; y n ].
Note that e l;x;L L.
Put z = u m , with u 2 R K and m 2 N n f0g. For m > L, we get
Therefore,
x;L ; f l;x;L ; GL ), for any x 2 V (l 1) (R K ) mod P L K ,
x;L ; f l;x;L ; GL ), for some x 2 V (l 1) (R K ) mod P L K ,
x;L ; f l;x;L ; GL ), for any x 2 V (l 1) (R K ) mod P L K .
We now note that all the V (l 1)
x;L (R K ) have good reduction mod P K , and then by applying the estimation given at the beginning of the proof, we have
for m L 1. Finally, since
for every m, we can replace C 0 by
in (5.4) , and thus the estimation holds for all m 1.
Poincaré Series and Polynomial Congruences Along p-adic
Submanifolds of R n K We de…ne for m 2 N the number N m = N m V (l 1) ; f l as (6.1)
<
:
Note that ord(f l (x)) m, if and only if f l (x) 0 mod P m K , and therefore, the N m give the number of solutions of a polynomial congruence along the submanifold V (l 1) (R K ). We also de…ne
If V (l 1) (R K ) has good reduction mod P K , then
In the following theorem, we prove the rationality of P (t) and give an upper bound for the N m . for all m 1.
Proof. We …rst prove (1) and (2) assuming that V (l 1) (R K ) has good reduction mod P K . By Lemma 5.3 in [29] , (6.2) P (t) = 1 tZ s; triv ; V (l 1) ; f l 1 t ;
with t = q s and the characteristic function of R n K . The rationality follows from Theorem 2 and the upper bound follows from (6.2) by expanding the right in partial fractions.
For the general case, we use Proposition 1 as in the proof of Theorem 4. For m > L, one gets
If f l (x + L y) = 0 has no solution in R n K , then for m big enough, the congruence f l (x + L y) 0 mod P m K has no solutions. Thus, there exists a natural number m 0 L such that if m m 0 , N m equals
x;L (R K ) mod P m L K j e l;x;L L f l;x;L (y) 0 mod P m L K g:
We now prove (1) as follows: since all the submanifolds V (l 1)
x;L (R K ) have good reduction mod P K , by the rationality of P t; V (l 1)
x;L ; e l;x;L L f l;x;L , there exists a constant M 0 (x) such that all the numbers N m V (l 1)
x;L ; e l;x;L L f l;x;L satisfy a linear recurrence for m > M 0 (x) and for all x 2 V (l) (R K ) mod P L K . Therefore, by (6.3), the numbers N m satisfy a linear recurrence for m big enough, and the corresponding Poincaré series is rational.
Finally, we establish the announced bound for the N m . Since the bound holds for the N m V for all m > M 1 > 1, for some positive constants C 0 an M 1 2 N. We now take
Finally, we can replace C 0 by C in (6.4), to obtain a bound valid for any m 1.
Remark 3.
Let h(x 1 ; : : : ; x n ), g i (x 1 ; : : : ; x n ), i = 1; : : : ; l be non-constant polynomials with coe¢ cients in R K . Set S(R K ) = fx 2 R n K j g i (x) = 0, i = 1; : : : ; lg : Assume that S(R K ) is K-analytic subset of R n K of dimension d, see [21] for this notion, and that h j S(R K ) 6 0. We de…ne N m (S; h) as in (6.1). We propose the following conjecture:
In this paper we established this conjecture in the case S is a compact submanifold of R n K . In [29] , the conjecture was established in the case in which h, and the g's satisfy a certain non-degeneracy condition with respect a collection of Newton polyhedra.
7. Z (!; V (l 1) ; f l ) as a limit of integrals over K n As before, we take converging power series f i 2 K[[x 1 ; : : : ; x n ]] for i = 1; : : : ; l 1 on an open and compact subset U of K n , and assume that V (l 1) = fx 2 U j f i (x) = 0, for 1 i l 1g is a closed K-analytic submanifold of U . In this section, we specialize to a Gel'fand-Leray form GL on V (l 1) . We consider on K n the measure jdxj associated to the di¤erential form dx = dx 1^ ^dx n , which is the Haar measure on K n so normalized that R n K has measure 1.
The second author proved in [29, Lemma 2.5] that
for ! 2 0 (K ), where is the Dirac delta function. We recall that for a Bruhat-Schwartz function , Z where the functions r for r 2 N are de…ned by
Note that ! (f l (x)) is not a Bruhat-Schwartz function.
From an intuitive point of view, the zeta functions considered here are de…ned by concentrating classical Igusa's zeta functions on a submanifolds, see [11] , [29] . In this way, several possible de…nitions for the local zeta function along a submanifold appear, and then, a natural question is to know if these de…nitions are equivalent. The next proposition answers a question posed in [29] . since V (l 1) (K) is a submanifold. For d large enough, we have an open and compact neighborhood W of b such that : W ! d R K n is a K-analytic isomorphism satisfying jJ(x)j K = jJ(b)j K , for any x 2 W . It is su¢ cient to prove the theorem for equal to the characteristic function of a such set W , since there exists …nitely many disjoint subsets W as above on which is constant, and which cover V (l 1) . From now on, we suppose that is the characteristic function of W . By using y = (x) as a change of variables, where e f l := f l 1 . Since r (y 1 ; : : : ; y l 1 ) = q r(l 1) if and only if y i 2 r R K for i = 1; : : : ; l 1, and by assuming that r d, we obtain I r (!) = jJ(b)j 1 K q r(l 1) Z ( r R K ) l 1 ( d R K ) n l+1 ! e f l (y 1 ; : : : ; y n ) j dy 1 : : : dy n j = jJ(b)j
! e f l ( r y 1 ; : : : ; r y l 1 ; y l ; : : : ; y n ) j dy 1 : : : dy n j :
Finally, by using that ! 2 0 (K ) and the Lebesgue dominated convergence theorem, 
